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a b s t r a c t

We consider interface flows where compressibility and capillary forces (surface tension)
are significant. These flows are described by a non-conservative, unconditionally hyper-
bolic multiphase model. The numerical approximation is based on finite-volume method
for unstructured grids. At the discrete level, the surface tension is approximated by a vol-
ume force (CSF formulation). The interface physical properties are recovered by designing
an appropriate linearized Riemann solver (Relaxation scheme) that prevents spurious
oscillations near material interfaces. For low-speed flows, a preconditioning linearization
is proposed and the low Mach asymptotic is formally recovered. Numerical computations,
for a bubble equilibrium, converge to the required Laplace law and the dynamic of a drop,
falling under gravity, is in agreement with experimental observations.

� 2009 Elsevier Inc. All rights reserved.
0. Introduction

Modeling and computing multi-fluid flows is a very active research area. This is due to the fact that multi-fluid flows play
fundamental roles in many natural phenomena used in industrial process. The diversity of the characteristic scales in one
phenomena leads to large difficulties when numerical simulation is considered. Although the constant evolution of compu-
tational resources enables finest resolutions, numerical methods accuracy and efficiency always need to be improved.

There are two main difficulties specific to interfaces flows: the interface shape dynamic and the wave transmission.
Interface tracking approaches use an explicit definition of the interface. The front tracking method [17] uses a lower dimen-
sional grid to represent interfaces in numerical solutions. Propagation of the front is obtained by the requirement of jumps
conditions. For the Volume of Fluid [38] method, the interface is described by an average fluid fraction function and the inter-
face is reconstructed by different approaches. The main difficulties of these methods are related to shape topology changes
and they are not well adapted for multiple interfaces flows such as sprays. The level set method [15] overcomes these diffi-
culties by embedding interfaces in a distance function. Unfortunately, although many recent works deal with accurate wave
transmission (GFM [15], SFM [2]), multidimensional and unstructured grid extension needs to be improved [32]. An other
way to overcome the difficulties related to sharp interfaces is to artificially smooth the interface (diffuse interface methods)
and create a mixture zone such as to recover the physical properties of the sharp interface. This leads generally to non-con-
servative hyperbolic models [5,29] for which the weak solutions of finite volume approximations are not well defined. Nev-
ertheless, the relevance of this method has been successfully proved in [37] for inviscid high speed flows. Surface tension
. All rights reserved.
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forces has been considered in [35] and the low mach preconditioning in [20]. For theses works, the discrete non-conservative
operators are obtained by the inversion of well balanced relations [1].

In the context of diffuse interface method, this paper focus on computations of low Mach interface flows submitted to
surface tensions forces. The physical model is based on the five equation model [29,33], a simplified version of the Baer
Nunziato model [5]. As the interface is not sharply defined, the capillary effects are formulated by a Continuum Surface Force
(CSF [9]) which uses a color function. The finite volume approximation is formulated in terms of local fluctuations deduced
from the approximate resolution of Riemann problems. Indeed, in order to reduce the currently observed parasitic currents
[27], the surface tension terms needs to be considered as part of the non-conservative hyperbolic subsystem. This non-con-
servative formulation must be preserved [16,30] in order to avoid wrong discontinuous solutions [24]. Its resolution needs
the definition of regularizing viscous paths [16] or the elaboration of kinetic relations [23]. Despite, when the surface tension
forces model relies on a color function constant across shock and rarefaction waves, surface tension terms can be reformu-
lated in a conservative form [18]. In [35], a numerical scheme based on a Godunov method is proposed for this specific case.
It formally and numerically recovers the Laplace law and enable the computation of complex interface flows. Unfortunately,
it can not be easily generalized to the system [29] which volume fraction equation is not a simple transport equation or when
complex equations of state are considered. In [3,33], balance equations between conservative and non-conservative terms
are pointed out in order to derive consistent discrete non-conservative operators [1]. The major drawback of this method
is its complexity when the model include too many non-conservative operators. In our work, we propose an approximate
Riemann solvers based on the relaxation scheme [12,28,31,39,14] which yields an implicit viscous regularization of non-con-
servative operators. Thus, fluctuations are evaluated by the virtue of a linearized non-conservative Riemann problem that
takes into account surface tension force as a first order derivative. Their expressions are analytically formulated and without
thermodynamical parameters. The resulting scheme is thus very efficient. Moreover, considering asymptotic expansions, we
formally prove that the non-conservative operator regularization is consistent with the mathematical model. Then, using the
pressure as an independent variable in the relaxation scheme gives a natural way to propose a low Mach preconditioning by
the introduction of the times scales related to the acoustic and the material waves.

The paper is organized as follows. We describe, in Section 1, the governing equations. In Section 2, the finite volume
approximation is defined. A relaxation system is proposed for the physical model and the solution of the associated Riemann
problem is constructed. The main numerical scheme is then achieved. Section 3 is devoted to the presentation of some spe-
cific numerical tools: low Mach preconditioning, surface tension approximation and implicit schemes. In Section 4, we dis-
cuss the numerical results obtained for a bubble at equilibrium under the Laplace law, shock bubble interactions and a falling
water drop. In the last section, we propose discussions of the achievement and draw inferences for further work.

1. Mathematical model

Let us consider a multi-phase flow and use the subscript k for the specification of each component. The physical model
considered in this paper assumes that pressures and velocities are at equilibrium. The physical model, obtained as an asymp-
totic limit of the non-equilibrium Baer–Nunziato system [5], is given by a single pressure and velocity multi-phase flow
[29,19]:
@tðakÞ þ u � rðakÞ � bkr � ðuÞ ¼ 0;
@tðakqkÞ þ r � ðakqkuÞ ¼ 0;
@tðquÞ þ r � ðqu� uþ pÞ ¼ r � ðsÞ þ fS þ qg;
@tðEÞ þ r � ðqHuÞ ¼ r � ðsuÞ þ u � ðfS þ qgÞ � r � ðqÞ;

8>>><
>>>:

ð1Þ
where q is the mixture density, u is the fluid velocity, E the total energy, p the pressure and H the enthalpy. For each com-
ponent, ak is the volume fraction, qk is the partial density, ek ¼ ekðqk; pÞ is the partial internal energy. The mixture density,
internal energy, total energy and the enthalpy are defined as:
q ¼
X

k

akqk; qe ¼
X

k

akqkek; E ¼ qeþ 1
2
qu � u; H ¼ Eþ p

q
:

We assume that the equation of state associated to each component is governed by the stiffened gas EOS:
pðqk; ekÞ ¼ ðck � 1Þðqkek � qke1k Þ � ckp1k , where e1k and p1k are fixed reference thermodynamic states. The perfect gas EOS
is recovered when e1k ¼ p1k ¼ 0. According to the pressure equilibrium and the constraint of entropy conservation along
phase trajectories [19], the pressure p is a combination of the equation of state associated to the components of the flow:
pþ cp1

c� 1
¼ qðe� e1Þ; ð2Þ
where the mixture parameters c; p1 and e1 depends on the volume fraction and are defined by the relations:
1
c� 1

¼
X

k

ak

ck � 1
;

cp1

c� 1
¼
X

k

akckp1k
ck � 1

and qe1 ¼
Xq

k¼1

akqke
1
k : ð3Þ
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For each pure fluid the speed of sound ck is defined as:
ck ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
@p
@qk

����
Sk

s
;

where Sk is the pure fluid entropy.
In the volume fraction equation, bk is a function that takes into account the volume variations due to compression or

expansion processes. According to the asymptotic regime under consideration, two different formulations can be found with
their associated mixture speed of sound c:

� When partial pressures fluctuations are assumed very small, the asymptotic equations derived from the Baer–Nunziato
model give [33]
bk ¼ 0 and c2 ¼ ðc� 1Þ
X

k

akqkc2
k

ck � 1

 !
: ð4Þ
� When the first order fluctuations of partial pressures are considered, the derived asymptotic model is defined with [29,19]
bk ¼ ak 1� qc2

qkc2
k

� �
and

1
qc2 ¼

X
k

ak

qkc2
k

: ð5Þ
In the present model, even if velocities and pressures equilibrium is assumed, there is no temperature equilibrium. Partial
temperatures Tk are given by:
pþ p1k ¼ ðck � 1Þqck
k Cvk

Tk

qck�1
k

� T1k
qck�1

k0

 !
; ð6Þ
where Cvk; qk0 and T1k are thermodynamic parameters (assumed constant for simplicity). The effective heat flux vector q is
the sum of partial-heat conduction approximated by Fourier’s law:
q ¼ �
X

k

akkkrTk;
where kk is the thermal conductivity associated to the fluid k. The viscosity effects are modeled by the following ‘mixture’
viscosity stress tensor:
s ¼ l ruþruT � 2
3
r � u

� �
with

1
l
¼
X

k

ak

lk
; ð7Þ
where lk is the viscosity coefficient associated to the fluid k and l is the effective viscosity coefficient.
Source terms are the contribution of external forces: the gravity qg and the surface tension forces fS localized on the

interfaces. For a point xkk0 of the interface between the fluid k and the fluid k0, the tension force is defined as
fSðxkk0 Þ ¼ �rkk0jðxkk0 Þnðxkk0 Þ; ð8Þ
where rkk0 is a characteristic coefficient depending on the fluids nature, nðxkk0 Þ and jðxkk0 Þ are respectively the normal and
the curvature at the point xkk0 . This formulation is not adapted to numerical strategies where interfaces are not explicitly
tracked. In practice, we will consider a ‘‘Continuum Surface Force” (CSF) formulation discussed in [9,35]. The first step of this
modeling is the introduction of a smooth level-set function Ckk0 defined around the interface, varying from 1 in the fluid k to
0 in the fluid k0. This function is constructed from the local quantities with strategies that usually use complex operators. For
the sake of simplicity, we assume that the level-set function is locally transported at the flow velocity [15]:
@tðCkk0 Þ þ u � rðCkk0 Þ ¼ 0: ð9Þ
Therefore, the surface tension force is represented as a continuum force per unit volume in regions along and near the inter-
face [9]:
fS ’ �rkk0jkk0rCkk0 where jkk0 ¼ jðCkk0 Þ ¼ r �
rCkk0

jrCkk0 j

� �
: ð10Þ
For simplicity in the sequel, the interface function and its coefficients will be denoted with only one index. As the surface
tension is expressed with differential operators, it will be considered as part of the propagation operators of the system
(1). Let us note that a conservative formulation of this force is very attractive when the volume fraction obeys a transport
equation ðbk ¼ 0Þ [35]. As the system (1) is more complex, this formulation will not be considered here.
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1.1. Mathematical model reformulation in view of numerical approximation

In order to design the numerical approximation, the physical model is reformulated as follows:
@tðWÞ þ r � ðFÞ þ BrV ¼ rRðrVÞ þS; ð11Þ
where W ¼Wðt;xÞ is the state vector for t 2�0; T� and x 2 X with T the final time and X the domain of the study. F ¼ FðW; pÞ
denotes the conservative components of the convection flux. These vectors are defined as:
W ¼

ak

akqk

qu
E
Ck

0
BBBBBB@

1
CCCCCCA
; F ¼ FðW;pÞ ¼

0
akqku

qu� uþ p

ðEþ pÞu
0

0
BBBBBB@

1
CCCCCCA
:

The matrix B is associated to the non-conservative contributions and contains the terms related to volume variations in com-
pression or expansion processes and the CSF modeling of the surface tension forces:
V ¼

ak

akqk

u
p
Ck

0
BBBBBB@

1
CCCCCCA
; BrV ¼

u � rðakÞ � bkr � ðuÞ
0

rkjkrCkk0

rkjku � rCkk0

u � rCkk0

0
BBBBBB@

1
CCCCCCA
Viscous and heat fluxes are second order derivatives contributions resumed by rRðrVÞ. The source term S is associated to
external forces and eventually to additional physics related to geometrical considerations. Indeed, let us assume a 2D axi-
symmetrical flow and identify the distance r from the symmetric axis to the coordinate y ðy � rÞ. Then, according to the do-
main perturbation technique, the flow can be computed with a 2D formulation by adding the specific contribution to the
source term S:
1
r
ðF � erÞ þ

1
r

bku � er

0
0
0
0

0
BBBBBB@

1
CCCCCCA
þ 1

r
rðCkÞ � er

jCkj
:

0
0
rCk

u � rCk

0

0
BBBBBB@

1
CCCCCCA
:

where er is the unit vector in the direction r � y.
The major numerical difficulties related to the resolution of the system (11) are due to the first order derivative subsys-

tem (left hand size) and to the non-conservative nature of the model. The mathematical analysis shows that, under the con-
stitutive laws (2) and (3), the first order system is hyperbolic with the characteristic velocities u � n� c; u � n and u � nþ c
when projected along the direction n. The speed of sound c obeys (4) or (5), depending on the considered asymptotic model.
The wave u � n is linearly degenerated and, for constant curvature jk, admits the Riemann invariants u � n and pþ rkjkUk.
Therefore, the pressure can be discontinuous across a material interface and the Laplace law is locally recovered.

2. Finite volume approximations

We consider a non-overlapping conformal partition of X into vertex-centered control volumes Ci (see Fig. 1). These vol-
umes are closed and can be decomposed in non-overlapping sub zonal cells Cij associated to neighbor cells Ci and Cj:
X ’
[Ns

i¼1

Ci; Ci ¼
[

j2#ðiÞ
Cij;
where j 2 #ðiÞ when Ci and Cj are neighbor cells.
The finite volume approximation is obtained by integrating the system (11) over a space-time cell Qi ¼ ½tn; tnþ1� � Ci:
aiðWnþ1
i �Wn

i Þ þ
Z tnþ1

tn

Z
Ci

ðr � Fþ BrVÞ ¼
Z tnþ1

tn

Z
Ci

ðrRðrVÞ þSÞ;
where ai is the volume of the cell and Wi is an average state defined as
WiðtÞ ¼
1
ai

Z
Ci

Wðt;xÞdx:



Fig. 1. 2D mesh of triangles: construction of the cell Ci centered at a mesh vertex (left) and of the corner sub-cell Ci;j associated to two neighbor vertices
(right).
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The discrete form of diffusive fluxes is achieved by the finite volume/finite elements equivalence and the source terms are
approximated following a standard splitting technique:
Z tnþ1

tn

Z
Ci

rRðrVÞ ’ Dt
X
j2#ðiÞ

uij and
Z tnþ1

tn

Z
Ci

S ’ DtaiSi;
where Dt ¼ tnþ1 � tn. For explicit schemes, Rij and Si will be evaluated at the time tn and at the time tnþ1 for implicit
schemes.

The approximation of first order spatial derivatives is not classical. Indeed, the non-conservative contributions cannot be
formulated as fluxes balance on cell boundaries. In the present paper, we propose the use of relaxation solvers [28,14] to
perform those approximations. In order to achieve this task, we define a sub zonal state Wi;j such as
Wi;j ¼
1

ai;j

Z
Ci;j

Wdx and aiWi ¼
X
j2#ðiÞ

ai;jWi;j;
where ai;j is the volume of the sub-cell Ci;j. The numerical scheme associated to Wi;j writes as
ai;j
Wnþ1

i;j �Wn
i;j

Dt
þ wi;j ¼ ui;j þ ai;jSi; ð12Þ
where the fluctuation wi;j ¼ wi;jðWi;WjÞ is given by
wi;j ¼
1
Dt

Z tnþ1

tn

Z
@Ci;j

F � ni;j dsdt þ
Z tnþ1

tn

Z
Ci;j

BrV dxdt

 !
;

where ni;j is the outgoing (of the cell i) unit normal. Proper approximation of this fluctuation have to preserve some asymp-
totic of this system, by a well balance of numerical viscosity between the conservative and the non-conservative components
[3,33]. Let us consider the following Riemann problem associated to the direction n with the initial states Wn

i and Wn
j and use

the associated coordinate n:
@tWþ @nðF � nÞ þ ðB � nÞ@nðVÞ ¼ 0;

Wðtn; nÞ ¼
Wi if n < nij;

Wj if n > nij:

(8><
>: ð13Þ
If Vðt; x; n; nij; Wi;WjÞ is a the solution of (13) (see [16,30]), then a compatible fluctuation can be obtained by an extension
of the Godunov technique to multidimensional computation
wi;j ¼
1
Dt

Z
Ci;j

½Wi �Vðtnþ1;x;nij; nij;Wi;WjÞ�dx;
where nij and nij are fixed. In practice, we use an approximation that preserves the properties of the initial scheme:
wi;j 	 jgi;jj
Z 0

�aij

½Wn
i �Vi;jðrÞ�dr; where rðxÞ ¼

x � nij � nij

tnþ1 � tn ;

gi;j ¼
Z
@Ci;j

ni;j ds and; for consistency; aij ¼
ai;j

Dtjgi;jj
:
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The system (13) is unconditionally hyperbolic and the associated eigenvalues are k�c ¼ u � n� c, ku ¼ u � n and kþc ¼ u � nþ c
where k�c and kþc are associated to genuinely nonlinear waves. This makes difficult the resolution of the Riemann problem
for this system. In order to overcome this difficulty, we propose in the next section to design an approximate Riemann solver
for the current non-conservative system, such as to well balance the numerical dissipation.

2.1. Relaxation scheme for a non-conservative hyperbolic system

Relaxation schemes are well established tools for the numerical approximation of fluid flows [28,14,7]. The main principle
of these schemes is to design a perturbed system, simple to solve, which solutions are a dissipative limit of the original sys-
tem solutions. This technique was initially designed for conservative systems [28]. In this specific context, there is an equiv-
alence [8] with the HLLC schemes [42]. Unlike the HLLC, the relaxation is a very attractive strategy for the resolution of
systems with non-conservative operators [6,7] or with severe nonlinearities.

The most difficult task in the design of relaxation schemes is to derive an extended system of the form
@tWk þ @nFk þBk@nVk ¼
1
k

Rk; ð14Þ
where the augmented variable Wk contains the components of W and some additional independent variables. @nFk and
Bk@nVk are the augmented conservative and non-conservative contributions. The operator Rk is used to relax Wk toward
W, when k goes to zero and make the initial system a dissipative limit of the relaxation system (14). The relaxation strategy
is achieved in two steps: the evolution and the projection.

The evolution is devoted to the resolution of the following system:
@tWk þ @nFk þ Bk@nVk ¼ 0: ð15Þ
In order to make the strategy attractive, the Riemann problem associated to this system should be easy to compute. In prac-
tice, we will define the relaxation system such that (15) is linearly degenerated and the Riemann invariants can be com-
puted. Thus, the solution of the associated Riemann problem is piecewise constant, and for a given eigenvalue ordering, is
fully defined by the system of invariants.

In the projection step, a set of ordinary differential equations is solved:
@tWk ¼
1
k

Rk: ð16Þ
Its solution is the projection of the augmented variables Wk on the equilibrium manifold W.
For the Euler system, a linearized pressure p is used as additional variable and is governed by the equation:
@tðpÞ þ u@nðpÞ þ
a2

q
@nðuÞ ¼

1
k
ðp� pÞ;
where u ¼ u � n and a is a parameter that controls the numerical dissipation of the scheme [8]. In this case, the relaxation
scheme can be viewed as a linear approximation of the Hugoniot relation under steady flow assumption.

In the present work, we propose a relaxation system obtained by introducing three additional variables: Uk the interface
function, p a linearized pressure and hk a measure of impedance fluctuations. The augmented system is defined by:
@tak þ u@nak þ ak 1� qk
q h2

k

� �
@nu ¼ 0;

@tðakqkÞ þ @nðakqkuÞ ¼ 0;

@tðquÞ þ @nðqu2 þ pÞ þ rkjk@nUk ¼ 0;

@tEþ @nððEþ pÞuÞ þ rkjku@nUk ¼ 0;

@tUk þ u@nUk ¼ 1
k ðUk � CkðVÞÞ;

@tpþ uþ aR�aL

q

� �
@npþ aLaR

q @nu ¼ 1
k ðp� pÞ;

@tðh2
kÞ þ u@nðh2

kÞ ¼ 1
k ðr2

k � h2
kÞ;

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð17Þ
where r2
k ¼

q
qk

1� bk
ak

� �
such that ak 1� qk

q h2
k

� �
will relax to bk. The parameters aL and aR control the numerical viscosity of the

approximation. The introduction of the interface function Uk makes the relaxation system suitable for any type of level-set
function even if the advection Eq. (9) is not considered. In particular, this new variable overcomes some difficulties when
CkðVÞ is a complex nonlinear function of V. If we assume that the curvature is locally constant, we can derive an exact solu-
tion of the Riemann problem for the augmented system. Indeed, in this case, the system (17) is unconditionally hyperbolic.
The characteristic velocities, u� aL=q;u and uþ aR=q are linearly degenerated. The associated Riemann invariants are given
in the following table:
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ð18Þ
where I7 ¼ ðak � h2
k

akqk
q Þ=q for the Kapila model and I7 ¼ ak for the Massoni model. The exact solution of the Riemann prob-

lem is piecewise constant and the Riemann invariants give an invertible system to compute intermediate quantities. Initial
left and right values are pL and pR for p; rL

k or rR
k for hk and CkðVLÞ and CkðVRÞ for Uk.

In order to exhibit this analytic solution, let us introduce the reals aL;1; aL;2; aR;1 and aR;2 defined by:
aL;1 ¼ maxð�qLDu; 0Þ;
aR;1 ¼ maxð�qRDu;0Þ;
aL;2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
maxðqLðDpþ rkjkDUkÞ � aR;1ðaL;1 þ qLDuÞ;0Þ

p
;

aR;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
maxð�qRðDpþ rkjkDUkÞ � aL;1ðaR;1 þ qRDuÞ; 0Þ:

p

8>>>><
>>>>:

ð19Þ
Proposition 1. When aL and aR are defined by aL ¼ maxðaL;1; aL;2Þ and aR ¼ maxðaR;1; aR;2Þ, the waves of the Riemann problem
are ordered as follows:
uL � aL

qL
< u
 ¼ aRuR þ aLuL

aL þ aR
� pR � pL þ rkjkð/R

k � /L
kÞ

aL þ aR
< uR þ aR

qR
: ð20Þ
Therefore, there is a unique solution of the relaxation system (17) which is piecewise constant (see the Fig. 2). The intermediate
states V

;V

 are defined with the variables p
;p

;a
k;a

k ; �
; �

; ðakqkÞ


 and ðakqkÞ


 given by:
p
 ¼ pL � aLðu
 � uLÞ; p

 ¼ pR � aRðuR � u
Þ; 1
a
kq



k

¼ 1
aL

kq
L
k

þ u
 � uL

aL ;
1

a

k q

k
¼ 1

aR
kq

R
k

þ uR � u


aR ;

�
 ¼ �L þ ðp

Þ2 � ðpLÞ2

2ðaLÞ2
; �

 ¼ �R þ ðp



Þ2 � ðpRÞ2

2ðaRÞ2
; a
k ¼ aL

k � 1� q


qL

� �
aL

k � ðh
L
kÞ

2 aL
kq

L
k

qL

� 	
;

a

k ¼ aR
k � 1� q



qR

� �
aR

k � ðh
R
kÞ

2 aR
kq

R
k

qR

� 	
: ð21Þ
The characteristic velocities are uL � aL=qL;u
 and uR þ aR=qR. The density a
kq
k and a

k q

k are positive.

The proof of this proposition is straightforward but with tedious calculations that are not presented.
In order to evaluate the accuracy of this solution, we formally derive some stability properties of the relaxation system in

the framework proposed in [8]. The additional variables p; hk and Uk are expanded in power series of k as follow
p ¼ pþ kpk þ Oðk2Þ; h2
k ¼ r2

k þ khk
k þ Oðk2Þ and Uk ¼ Ck þ kUk

k þ Oðk2Þ: ð22Þ
Fig. 2. Solution of the Riemann problem for the relaxation system.
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The Chapmann–Enskog method consist of inserting this power series in the relaxation system (17). For the volume fraction
equation, this yield to the following equation:
@tðakÞ þ u@nðakÞ þ bk@nðuÞ ¼ �zk
akqk

q
@nðuÞ @t þ u@n½ � ðqcÞ2

ðqkckÞ2
;

where z ¼ 1 for the Kapila model and z ¼ 0 for the Massoni model. We assume that derivatives, on the right-hand side of this
equation, are smooth. Similar computations are performed to the other equations and, identifying terms of the same power
of k, we end up with the following first-order asymptotic equilibrium system:
@tðWÞ þ @nðFÞ þB@nðVÞ ¼ k@nðC@nWÞ þ zkG: ð23Þ
The vector G is defined by:
G ¼ ðgk1ð@nuÞ2; 0; 0; 0; 0ÞT ; ð24Þ
with gk1 ¼ akðqc2Þ2

qkc2
k

ckþ1
qkc2

k
� qc2P

k0
ak0 ðck0 þ1Þ
ðqk0 c

2
k0
Þ2

� �
.

The matrix C is defined as
C ¼

0 0 0 0 0
0 0 0 0 0

2da
ðc�1Þ

@p
@ak

uðuda � dbÞ �ð2uda � dbÞ 2da 0
2uda
ðc�1Þ

@p
@ak

u2ðuda � dbÞ �uð2uda � dbÞ 2uda 0

0 0 0 0 0

0
BBBBBB@

1
CCCCCCA
; ð25Þ
where da ¼ ðc� 1Þ ðaR�aLÞ
2q and db ¼ aRaL�q2c2

q2 . This matrix C is positive defined when the condition aLaR > q2c2 is satisfied. Under

this constraint, the relaxation scheme is a dissipative approximation of the original system.
As we have derived a relaxation system that approximates accurately the original system, we now propose to derive some

properties of the scheme. In particular, it is also easy to show that combinations of the Riemann invariants along shocks
make:
½ksakqk � akqku� ¼ 0; ½ksqu� qðu2 þ pÞ� ¼ 0 and ½ksE� ðEþ pÞu� ¼ 0;
for ks ¼ u� aL=q and ks ¼ uþ aR=q. Therefore, the mixture density, momentum and total energy of the relaxation solution
satisfy Rankine–Hugoniot jump conditions across shocks. For contact discontinuities ðks ¼ u), we have:
½ksakqk � akqku� ¼ 0; ½u� ¼ 0 and ½pþ rkjkUk� ¼ 0:
The jump of the pressure at the interface is exactly balanced by the capillary effects. The Laplace law is thus recovered.
Using the Rankine–Hugoniot jump relations across discontinuities and identifying the conservative and the non-conser-

vative contributions, we can define the operators N and N such that:
X
s

ksðdWÞR;Ls ¼ FR � FL þNðWL;WRÞ �NðWL;WRÞ;
where ks denotes the sth approximate wave-speed of the solution and ðdWÞs the associated jump. The non-conservative con-
tribution are defined as
NðWL;WRÞ ¼ BR;LVR and NðWL;WRÞ ¼ BR;LVL;
with:
BR;L ¼

u
 0 ZR
k aRþZL

kaL

aRþaL

ðZR
k�ZL

kÞ
aRþaL

rkjkðZR
k�ZL

kÞ
aRþaL

0 0 0 0 0
0 0 0 0 rkjk

0 0 0 0 rkjku


0 0 0 0 u


0
BBBBBB@

1
CCCCCCA
; ð26Þ
with Zk ¼ ak � ðhkÞ2 akqk
q . Therefore, under the CFL condition, we can derive a stable and efficient approximate Riemann solver

for the present non-conservative hyperbolic system. The associated non-conservative fluctuations wR;L and wL;R, respectively
on the right and on the left of the interface, are
wR;L ¼ 1
2

FR þ FL þNðWL;WRÞ �NðWL;WRÞ �
X

s

jksjðdWÞs

" #
and wL;R ¼ wR;L �NðWL;WRÞ þNðWL;WRÞ. The derived scheme is then composed of an usual upwind flux for the conserva-
tive part and an additional component that avoids the difficulty related to ‘‘consistent discretization the non-conservative
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contributions”. The existence of a matrix BR;L was assumed in [13] and evaluated for specific non-conservative systems
where the Roe linearization can be generalized.

3. Low mach preconditioning

One of the crucial requirement of multi-fluid algorithms is the ability to accurately span a wide range of multi-fluid con-
ditions, from fully compressible to the low Mach regimes. The low Mach number setting is a singular asymptotic in
compressible flows. This flow regime is characterized by a large discrepancy between the magnitude of the acoustic
wave-speed and the flow velocity. The usual time-marching solvers for compressible flow are not able to compute nearly
incompressible flows. Indeed, they may suffer from severe stability and accuracy deficiencies and, without modification, be-
come inefficient for the low Mach number limit [21,43]. Using an expansion of primitive variables in power of Mach number,
it has been shown that numerical problems arising at low Mach regimes are due to the lack of accuracy in the density-based
approximation of the pressure field [41,40]. To cure these drawbacks, modification of the numerical viscosity was success-
fully applied. The main ingredient is based on the fact that the incompressible Euler system is not a natural vanishing Mach
limit of the compressible model [4]. Indeed, in the low Mach asymptotic, the compressible model contains both an oscilla-
tory (acoustic) and a slowly varying (incompressible limit) component.

In the present paper, preconditioning is obtained by the introduction of an acoustic fluctuation characteristic time s, asso-
ciated to ‘‘incompressible” pressure, smaller than the mean flow characteristic time. Time-marching solutions are then de-
signed from pseudo acoustic-waves obtained by altering time-derivatives of the pressure. This is similar to the procedure
used in the pseudo-time (or dual-time) [40,43,11,41] and pseudo compressibility [34] approaches. In this context, the
sub-scale evolution of the pressure is then given by:
@spþ u@npþ qc2@nu ¼ 0 where s � tM2;
and M is the Mach number. This sub-scale evolution of the pressure will give a proper filtering for low Mach regime. The
preconditioned system is:
@tðakÞ þ u@nðakÞ þ bk@nðuÞ ¼ 0;

@tðakqkÞ þ u@nðakqkÞ þ akqk@nðuÞ ¼ 0;

@tðuÞ þ u@nðuÞ þ 1
q @nðpÞ ¼ � rkjk

q @nðCkÞ;

@tðpÞ þM2u@nðpÞ þM2qc2@nðuÞ ¼ 0;

@tðCkÞ þ u@nðCkÞ ¼ 0:

8>>>>>>><
>>>>>>>:

ð27Þ
In order to design a preconditioned relaxation solver, the linearized pressure is now governed by the following equation:
@tðpÞ þ u@nðpÞ þ
aR � aL

q
@nðpÞ þ

aRaL

q
@nðuÞ ¼ 0;
where aL and aR are two positive reals which magnitudes must obey:
aRaL

q
	 M2qc2 and

aR � aL

q
	 ðM2 � 1Þu: ð28Þ
Therefore, �aL and aR can be approximated by the root of the second order polynomial x2 þ ðM2 � 1Þux�M2qc2:
aR 	 q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2 � 1Þ2u2 þ 4c2M2

q
þ ðM2 � 1Þu

� �
;

aL 	 q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2 � 1Þ2u2 þ 4c2M2

q
� ðM2 � 1Þu

� �
:

ð29Þ
The preconditioned relaxation system still write under the same form than the relaxation system (17). The analytical expres-
sion of the solution do not change, the difference only comes from the values of aL and aR.

Using the Chapman–Enskog expansions (22), we found that the preconditioned relaxation system equilibrium is a dissi-
pative approximation of the preconditioned system. The equilibrium system writes under the form (23) where the dissipa-
tive matrix C is of the form (25), with coefficients da and db now defined as:
da ¼
c� 1

2
aR � aL

q
� ðM2 � 1Þu

� �
and db ¼

aRaL �M2q2c2

q2 :
The vector G is now given by:
G ¼ ðgk1ð@nuÞ2 þ gk2ð@nuÞð@npÞ; 0; 0; 0; 0ÞT ; ð30Þ
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with:
gk1 ¼
akðqc2Þ2

qkc2
k

M2ckþ1
qkc2

k
� qc2P

k0

ak0 ðM
2ck0 þ1Þ

ðqk0 c
2
k0
Þ2

 !
;

gk2 ¼
akqc2ðM2�1Þu

qkc2
k

ck
qkc2

k
� qc2P

k0

ak0 ck0

ðqk0 c
2
k0
Þ2

 !
:

8>>>>><
>>>>>:
The matrix C is positive defined when:
aLaR > M2q2c2: ð31Þ

This inequality is very complementary to Eq. (28). Thus, it can be made compatible with the approximate values of aR and aL

given by the relations (29).
The relaxation system is not, a priori, stable when the reals aL and aR are chosen following (31) and (29). In fact, the filter

devised for the pressure equation demands the consideration ‘well prepared’ initial conditions. Additional conditions are also
required to make sure that a physically admissible solution exist. They are given in the Proposition 1.

3.1. Regularized interface functions and approximate interface curvature

The numerical approximation of the surface tension force is linked to the design of a regularized function Ck that maps
out the interface delimiting the materials k. This function is defined under regularity and spatial localization constraints. In
practice, the interface function Ck is computed by using a level set indicator associated to the fluid variables that vary across
the interface: (ak; yk and q for instance). More generally, an approximation of the type Ck ¼ fkðWðxÞÞ can be used. Unfortu-
nately, the sprawl of fkðWÞ is governed by the numerical dissipation. In order to avoid this undesirable effect, a free surface
capturing and smoothing process has been developed. The capturing process is defined as:
HfðxÞ ¼ HfðfkÞ ¼
1 if f kðWÞ > f;

0 else;




where f is an appropriate parameter. The interface function Ck is then obtained by the regularization of HfðfkÞ:
Ckðx; tnÞ ¼ CkðWnÞ ¼
Z

HfðxÞGðxÞdx;
where G is a regularization kernel with compact support defining a transition layer.
The approximate curvature ðjkÞi associated to each control volume Ci is evaluated by reformulating the divergence oper-

ator present in (10) with the Green relation:
ðjkÞi ¼
1
ai

Z
Ci

r � rCk

jrCkj

� �
dx ¼ 1

ai

Z
@Ci;j

rCk

jrCkj
� nds 	 1

ai

X
j2mðiÞ

rCk

jrCkj

� �
i;j
� ni;j;
where ðrCk=jrCkjÞi;j is an evaluation of the normal at the segment @Ci;j. We suppose that this quantity follows the relation:
rCk

jrCkj

� �
i;j
¼ lk

rCk

jrCkj

� �
i
þ ð1� lkÞ

rCk

jrCkj

� �
j
;

where ðrCk=jrCkjÞi is calculated from the approximate gradient ðrCkÞi:
ðrCkÞi ¼
1
ai

Z
Ci

rCkdx 	
X
s2sðiÞ

as

3ai
rCkjs:
The parameter lk is set in order to prevent large numerical errors when the curvature evaluation is singular (Ck closed to 0 or
1). Numerical results obtained for academic configurations show relatively accurate computations of the interface normal
(Fig. 3) and curvature (Fig. 4).

3.2. Implicit scheme

At the low Mach regime, an implicit scheme is unavoidable to obtain a stable numerical scheme. Let us recall the explicit
scheme for the relaxation solver:
Wnþ1
i ¼Wn

i �
Dt
ai

X
j2#ðiÞ

wi;jðW
n
i ;W

n
j Þ;
where the numerical flux wi;jðWi;WjÞ is defined as:
wi;jðWi;WjÞ ¼
1
2
½FðWiÞ þ FðWjÞ þNðWi;WjÞ �NðWi;WjÞ �

X
s

jksðWi;WjÞjðdWÞsðWi;WjÞ�:



Fig. 3. Interface fkðWÞ ¼ f, regularized function Ck and interface normal rCk .
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The functions FðWÞ; VðWÞ; NðW; W
Þ; NðW;W
Þ; ksðW;W
Þ and ðdWÞsðW;W
Þ defining the numerical flux are given and
derivable. The implicit scheme is obtained from an evaluation of the numerical flux wi;jðWi;WjÞ at the time tnþ1:
Wnþ1
i ¼Wn

i �
Dt
ai

X
j2#ðiÞ

wi;jðWnþ1
i ;Wnþ1

j Þ: ð32Þ



B. Braconnier, B. Nkonga / Journal of Computational Physics 228 (2009) 5722–5739 5733
Therefore, Wnþ1 is the solution of a large sparse nonlinear system. Newton–Krylov algorithm is a suitable approach to solve
this system. Unfortunately, due to the absolute values in the flux formulation, the Jacobian of the system is not always de-
fined. In practice, a approximate Jacobian of the numerical flux is assumed, such as for m ¼ i or m ¼ j:
 

 

 

 

 

 

 

Fig. 5.
with m
qR ¼ 10
@wi;j

@Wm
’ 1

2
@F
@Wm

þ @N

@Wm
� @N

@Wm
�
X

s

jksðWi;WjÞj
@ðdWÞs
@Wm

" #
: ð33Þ
A linear system is then computed and solved at each Newton iteration. This is achieved by preconditioned (ILU) iterative
solvers: Jacobi, Gauss–Seidel, Gmres. An efficient and scalable parallel sparse direct solver, based on a LU factorization,
has also been used [25].

Let us denote by w
ð1Þ
i;j ðWi;WjÞ and w

ð2Þ
i;j ðWiþ;Wj�Þ respectively the first and second order accurate scheme where Wiþ and

Wj� are the reconstructed and limited values obtained by the MUSCL approach. The second order implicit scheme uses the
following approximation of the Newton step:
ai

Dt
dWi þ

X
j2#ðiÞ

@w
ð1Þ
i;j

@Wi

 !n

dWi þ
@w
ð1Þ
i;j

@Wj

 !n

dWj

" #
¼ �Dt

ai

X
j2#ðiÞ

w
ð2Þ
i;j Wn

iþ;W
n
j�

� �
;

where dW ¼Wnþ1 �Wn are the unknowns. When only one step of the Newton method is performed, it is the usually called
‘‘linearized implicit scheme”.

4. Numerical results

4.1. Multi-material shock tubes (1D)

In order to validate the proposed relaxation scheme, let us consider a 1D multi-material shock tube problem where the
materials under consideration are assumed to be perfect gas characterized by different adiabatic indexes. The results are
compared with the exact solution. Two test cases are performed for initial conditions with large density (10 and 400) and
pressure (2500 and 1000) ratios [26]. Figs. 5 and 6, are obtained for the Kapila model ðbk – 0Þ, with an explicit scheme
and numerical flux computed by the relaxation scheme. The waves are in the proper localization and there is no spurious
waves at the material interface. Indeed the velocity (and of course the pressure also, but not plotted) is constant across
the material interface. Similar results are also obtained when bk ¼ 0. The other test cases proposed in [26] has been success-
fully performed in [10].

4.2. Shock bubble interactions

Let us consider the shock bubble interaction experiments driven by Hass and Sturtevant [22] and computed numerically
in [36]. These experiments involve strong acoustic effects. The surface tension forces, the viscous effects and the gravity are
not considered. The computational domain is a ½0;30 cm� � ½0;10 cm� rectangle. The initial condition is a bubble of radius
3:5 cm centered at ð5 cm;5 cmÞ, at the equilibrium in the air and a plane shock characterized by the Mach number
MS ¼ 1:22 localized at x ¼ 0 cm. The air is initially at rest:
q ¼ 1:0; u ¼ 0; v ¼ 0; p ¼ 1:0; c ¼ 1:4:
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The incoming shock is then defined by the following conditions at the left boundary of the computational domain:
Fig. 7
q ¼ 3:4; u ¼ 2:14; v ¼ 0; p ¼ 7:48; c ¼ 1:4:
Computations are performed for the Kapila model ðbk – 0Þ using an explicit relaxation scheme. Mesh size is 2401� 801
points and the numerical system is of 11.5 millions unknowns. In order to use modern computer architectures, we have
developed a SPMD (Single Program Multiple Data) parallel strategy based on mesh partitioning and the message passing
interface (MPI). The computations have been performed with 64 processors.
. Computations (2D) of a shock interaction with an helium bubble in the air: evolution of the helium volume fraction, explicit relaxation solver.
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Numerical computations are performed for two gas bubbles [22], respectively for helium (qHe ¼ 0:138 and c ¼ 1:6) and
for the R22 refrigerant gas (qR22 ¼ 3:154 and c ¼ 1:25). In the two cases, the numerical results agree with the experimental
results given by Haas and Sturtevant [22]. Let us recall that as the helium bubble is lighter, it acts as a convergent media for
the acoustic-waves. For the refrigerant R22, as the bubble is heavier, it is a divergent media. The entire numerical results are
displayed in the Figs. 7 and 8.

4.3. Laplace law

The Laplace law gives a relation, at the equilibrium, between the pressure jump and the surface tension force strength at
the material interface: Dp ¼ rj, where r is the surface tension coefficient and j the interface curvature. For a water/air
interface, we have r ¼ 0:073 in the SI units. In order to recover numerically this property, let us consider an initial spherical
water drop of square section (edge of 3 cm). Evolution of this drop can be computed by the 2D axisymmetrical formulation.
Gravity forces are not considered in this case, such that, at the equilibrium the bubble is a spherical water drop and the pres-
sure jump satisfies the Laplace law. Computations performed with a second order accurate preconditioned relaxation
scheme (Fig. 9) shows that the numerical behavior is in accordance with the considered physics. The parasitic currents
are under control, the equilibrium is obtained numerically and the Laplace law is satisfied (Fig. 10). This validates the numer-
ical strategy based on the CSF formulation and relaxation method for the computation of tension forces.

4.4. Dynamic of a water drop in the air, under gravity and surface tension forces

This computation almost uses the same physical features given in [35]. It consists of a falling water drop under gravity
and surface tension forces. This is a low Mach regime flow and the usual finite volume approximation fails at this asymptotic.
In order to overcome this difficulty, in [35], a scaling is performed: ‘‘For computational convenience, the drop radius is taken
equal to 0:25 m. According to the Bond number, we adjust surface tension coefficient, r ¼ 175 N=m, where gravity acceleration g
is taken equal to 25 m=s2”.
Fig. 8. Computations (2D) of a shock interaction with an R22 refrigerant bubble in the air: evolution of the R22 refrigerant volume fraction, explicit
relaxation solver.
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Fig. 9. Evolution and equilibrium of an interface under surface tension force: Laplace law.

5736 B. Braconnier, B. Nkonga / Journal of Computational Physics 228 (2009) 5722–5739
In the present context, low Mach preconditioning technique combined with an implicit second order accurate scheme
allows the use of physical values without any rescaling. We assume axisymmetrical property of the flow and consider a
2D rectangular computational domain ½0;0:025 m� � ½0;0:1 m�. The mesh size is 101� 401. Initially, a half spherical water
bubble of radius r ¼ 0:006 m is centered at ð0:0;0:1Þm. Water is also present in the computational domain for y 6 0:01 m
(Fig. 11: Initial). The gravity is set to g ¼ �10 m=s2 and the initial conditions for air and water are given by:
q ðkg m�3Þ
 u ðm=sÞ
 p ðPaÞ
 p1 ðPaÞ
 c
 l ðm2 s�1Þ
Air
 1
 0
 105
 0
 1.4
 1:86� 10�6
Water
 1000
 0
 105
 6� 108
 4.4
 10�3
The contact angle is set to 25�. This is the reason why the initial plane water interface is not stable (see Fig. 11). For this com-
putations, the drop velocity is ’ 1 m=s, the speeds of sound are 374 m=s in the air and 1625 m=s in the water. Therefore, the
Mach number is about 6� 10�4 and the preconditioning technique is unavoidable.

As the gravity forces are greater than the surface tension, the water drop falls with the structure of a liquid jet. The quan-
tity of falling liquid depends of the surface tension value. The liquid jet divides in four small bubbles which impact the liquid



Fig. 11. 2D Axisymmetric viscous flow computations of water drop in air, falling and splashing into water, under effects of gravity and surface tension
forces. 25 mm� 100 mm length domain, ’40,000 mesh vertices. Second order accurate (MUSCL) preconditioned implicit relaxation solver.
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surface on the base of the domain. We then observe the propagation of surface waves that after reflection on the wall, form a
vertical liquid jet. This behavior is in agreement with physical observations [35].

5. Conclusion

In the present work, we have exhibited a new numerical method to approximate the solution of mono-velocity mono-
pressure diffuse interface multiphase models including surface tension forces in their CSF formulation. Our procedure, based
on the relaxation scheme, allows a consistent resolution of the non-conservative and conservative terms present in the mod-
el and prevents the generation spurious waves. In particular, interfaces submitted to surface tension and governed by the
Laplace law are explicitly recovered by our numerical scheme. Then, identifying the physical time scales associated to mate-
rial and acoustic-waves, we succeed in deriving, in a new manner, a numerical scheme devoted to the resolution of low Mach
number flows. Our approach is based on the preconditioned relaxation procedure. The resulting numerical scheme allows to
reproduce standard experiments: shocks tube, shock bubble interactions. Finally, this scheme, in its implicit version, has
been used to resolve the difficult experiment of the liquid break up without modifying its physical features.

The future work will be devoted to the resolution of 3D problems. For this, the accuracy of our method needs to be im-
proved at the interfaces by, for instance, the use of mesh adaptive methods.
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